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ABSTRACT. The symmetry algebra of asymptotically flat spacetimes at null 
Q\ . infinity in four dimensions in the sense of Newman and Unti is revisited. As 



in the Bondi-Metzner-Sachs gauge, it is shown to be isomorphic to the direct 
sum of the abelian algebra of infinitesimal conformal rescalings with bms^. The 
latter algebra is the semi-direct sum of infinitesimal supertranslations with the 
conformal Killing vectors of the Riemann sphere. Infinitesimal local confor- 
mal transformations can then consistently be included. We work out the local 
conformal properties of the relevant Newman-Penrose coefficients, construct the 
^ surface charges and derive their algebra. 
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1 Introduction 

The definitions of asymptotically flat four dimensional space-times at null infinity by 
Bondi-Van der Burg-Metzner-Sachs 0] El (BMS) and Newman-Unti (NU) in 1962 
merely differ by the choice of the radial coordinate. Such a change of gauge should not 
affect the asymptotic symmetry algebra if, as we contend, this concept is to have a major 
physical significance. 

The problem of comparing the symmetry algebra in both cases is that, besides the 
difference in gauge, the very definitions of these algebras are not the same. Indeed, NU 
allow the leading part of the metric induced on Scri to undergo a conformal rescaling. 
When this generalization is considered in the BMS setting, it turns out that the symmetry 
algebra is the direct sum of the BMS algebra bms 4 flU with the abelian algebra of in- 
finitesimal conformal rescalings A3, fl6). There are two novel and independent aspects in 
this computation. 

• The first concerns the fact that the BMS algebra in 4 dimension involves the confor- 
mal Killing vectors of the unit, or equivalently, the Riemann sphere and can consis- 
tently accommodate infinitesimal local conformal transformations. The symmetry 
algebra bms 4 then involves two commuting copies of the non centrally extended 
Virasoro algebra, called superrotations in [)7), and simultaneously the supertrans- 
lations generators are expanded in Laurent series. The standard, globally well- 
defined symmetry algebra bmsf lob consists in restricting to the globally well defined 
conformal Killing vectors of the sphere which correspond to infinitesimal Lorentz 
transformation, while the supertranslation generators are expanded into spherical 
harmonics. 

This local versus global versions of the symmetry algebra are of course not related 
to the BMS gauge choice, but will also occur in alternative characterizations of the 
asymptotic symmetry algebra where the conformal Killing vectors of the sphere 
play a role. Examples of this are the geometrical approach of Geroch [8] based on 
Penrose's definition of null infinity [|9l and also, as we will explicitly discuss in this 
paper, the asymptotic symmetries in the NU framework. 

• The second aspect is related to the modified Lie bracket that should be used when 
the vector fields parametrising infinitesimal diffeomorphisms depend explicitly on 
the metric. Indeed, when using the modified Lie bracket, the space-time vectors 
realize the asymptotic symmetry algebra everywhere in the bulk and furthermore, 
even on Scri, this bracket is needed to disentangle the algebra when conformal 
rescalings of the induced metric on Scri are allowed. Similarly, in the context of the 
AdS/CFT correspondence, this bracket allows one to realize the asymptotic sym- 
metry algebra in the bulk and to disentangle the symmetry algebra at infinity when 
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considering transformations that leave the Fefferman- Graham ansatz invariant only 
up to conformal rescaling of the boundary metric [fl"0l . From a mathematical point 
of view, the modified Lie bracket is the natural bracket of the Lie algebroid that is 
associated to any theory with gauge invariance [fTTI . 

What we will do in this paper is to re-derive from scratch the asymptotic symmetry 
algebra in the NU framework by focusing on metric aspects and on the two novel features 
discussed above. As expected, the symmetry algebra is again the direct sum of bms 4 with 
the abelian algebra of infinitesimal conformal rescalings of the metric on Scri and thus 
coincides, as it should, with the generalized symmetry algebra in the BMS approach. A 
related analysis of asymptotic symmetries in the NU context from the point of view of 
Scri and emphasizing global issues instead can be found in |[T2ll . Ifi3l . 

Even though the results presented here are not really surprising in view of those in 
the BMS framework and the close relation between the NU and BMS approaches, the 
exercise of working out the details is justified because the NU framework is embedded in 
the context of the widely used Newman-Penrose formalism |[T4ll so that explicit formulae 
in this context are directly relevant in many applications, see e.g. the review article [fi5l . 

As a first application, we study the transformation properties of the Newman-Penrose 
coefficients parametrizing solution space in the NU approach. Our main focus is on the 
inhomogeneous terms in the transformation laws that contain the information on the cen- 
tral extensions of the theory. We then discuss the associated surface charges by following 
the analysis in the BMS gauge [16J and briefly compare with standard expressions that 
can be found in the literature. The algebra of these charges is derived and shown to 
involve field dependent central charges in the case of bms 4 which vanish for bmsf lob . 

2 NU metric ansatz for asymptotically flat spacetimes 

The metric ansatz of NU is based on a family of null hypersurfaces labelled by the first 
coordinate, x° = u = const. The second coordinate x 1 = r is chosen as an affine param- 
eter for the null geodesic generators P of these hypersurfaces, so that Z M = —5f. Up to a 
change of signature from (+, —,—,—) to (— , +, +, +), a renumbering of the indices, and 
the tetrad transformation that makes the conformal factor real, the line element considered 
in section 4 of NU HI can be written as 



ds 2 = Wdu 2 - 2drdu + g AB (dx A 



V A du)(dx B - V B du) , 



(2.1) 



with associated inverse metric 



to 



-1 



\ 

V B 



9 



-1 -w 
K -V A 



(2.2) 
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where 

g AB dx A dx B = r 2 ^ AB dx A dx B + rC AB dx A dx B + o(r) , (2.3) 

with */ab conformally flat. Below, we will use standard stereographic coordinates £ = 
cot |e 1 *, (, ^ABdx A dx B = e 2 ^d(d(, <p = <p(u, x). In particular, we use the notation e 2 ^ 
for the conformal factor. In section 4, we will give the explicit dictionary that allows one 
to translate to the quantities originally used by NU. 

In addition, the choice of origin for the affine parameter of the null geodesies is fixed 
through the requirement that the term proportional to r -2 in the expansion of the spin 
coefficient — p = D p l u m p m u is absent. 

When expressed in terms of the metric, one finds 

P = -\g AB 9AB, r = -\d r In \g\ = -r" 1 + ^C A r~ 2 + o(r" 2 ) , (2.4) 

where g = det g pv and the index has been raised with the inverse of ^ab- The requirement 
is thus equivalent to the condition 

C A = 0. (2.5) 

In the following we denote by Da the covariant derivative with respect to 'Jab and by 
A the associated Laplacian and by R the scalar curvature. In complex coordinates £, (, 
= and we define for later convenience = e 2l? c, = e 2 ^c. Finally, 

V A = 0(r~ 2 ) J W = -2rd u fi+ A^ + O^" 1 ), (2.6) 

where Atp = 4e~ 2 ^<9<9y? with d = d^, 8 = d^. 

The more restrictive fall-off conditions in [J3] are relevant for integrating the field 
equations but play no role in the discussion of the asymptotic symmetry algebra. 



3 Asymptotic symmetries in the NU approach 

The infinitesimal NU transformations can be defined as those infinitesimal transforma- 
tions that leave the form (12.21 ) and the fall-off conditions (I2.3I) - (I2.6I) invariant, up to a 
rescaling of the conformal factor 5cp(u, x A ) = u(u, x A ). In other words, they satisfy 



%r = o, =o, %f 
i 



0. 



Or 



^g rA = 0{r 



d P W\g\e) 



or 



AB 



2ug AB + 0(r' 



C^g rr = 2rd u u + 2uA$ - Au + 0(r -1 ) 



(3.1) 
(3.2) 

(3.3) 



Newman-Unti group and BMS charge algebra 



5 



Equations (13.11) are equivalent to 



d£ A = d B t?9 BA , (3.4) 



and are explicitly solved by 



e = /, 

^ = Y A + I A , I A = -d B fJ r c °dr'g AB , (3.5) 
f = -r$J + Z + J, J = A / r dr ' yA ^ 

with <9 r / = = d r Y A = d r Z. Equation (13.21) then implies 

Z = \N- (3-6) 

The first equation of (13.31) requires d u Y A = 0, the second that Y A is a conformal Killing 
vector of jab, which amounts to 

Y< = Y = Y{(), Y^ = Y = Y(C), (3.7) 

in the coordinates (, £, and also that 

d u f = fd u ip+^, (3.8) 

with ijj = DaY a , or more explicitly in (, ( coordinates, ip = dY + dY + 2Ydip + 2Ydip, 
and ip = ip — 2tu. Finally, the last equation of (13.31) implies 

2(d u Z + Zd u ip) = Y A d A A£ + iphip + 2d A fj AB d B d u ip + fAd u ip - AC, (3.9) 

which is identically satisfied when taking the previous relations into account. 

One approach is to consider that (13.81 ) fixes ui in terms of / and Y ,ui = \ip + fdjp — 
d u f. Consider Scri, the space y with coordinates u, (, ( and metric 

d s 2 j? = Odu 2 + e 2 ^d(d( . (3.10) 

The NU algebra is then defined as the commutator algebra of the vector fields 

with / = f(u, x A ) arbitrary and Y A (x) conformal Killing vectors of a conformally flat 
metric in 2 dimensions, or equivalently, the algebra of conformal vector fields of the 
degenerate metric (13 . 1 Ob . 

This is not the symmetry algebra of asymptotically flat spacetimes in the sense of NU 
however. Indeed, ip is arbitrary, it can for instance be considered as the finite ambiguity 
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related to Penrose's conformal approach [|9] [FT] ED to null infinity. One can then inter- 
pret cp as part of the background structure, or in other words, of the gauge fixing [8], and 
compute the asymptotic symmetries for a fixed choice of cp, i.e., to = in the formulae 
above, or ask the more general question of how the asymptotic symmetries depend on 
changes in cp by an arbitrary infinitesimal amount oj. In both cases, one has to consider 
(13.81) as a differential equation for /. As we now show, the symmetry algebra will then be 
isomorphic to the trivially extended bms 4 algebra by the abelian algebra of infinitesimal 
conformal rescalings, as it should, and as a consequence, the Poincare algebra is embed- 
ded therein in a natural way. Furthermore, there is a natural realization of the asymptotic 
symmetry algebra on an asymptotically flat 4 dimensional bulk spacetime. Note also that, 
for uj = 0, equation (13.81) has been interpreted from the point of view of Penrose's con- 
formal approach to null infinity in [[12] following [|T9l and related to the preservation of 
null angles, which is the standard way [0 [T71 [20l |2TJ to recover the BMS algebra from 
geometrical data on Scri. 

The general solution for (13.81 ) reads 

f = e^[f+ l -f du'e-^], f = T(C,C), (3-12) 
^ Jo 

and the general solution to equations (I3.1I) - (I3.3I) defining the asymptotic symmetries is 
given by £ p as in (13.51) where Z,Y A ,f satisfy (13.61 ), (13.71 ), (13.121) with cu arbitrary. Asymp- 
totic Killing vectors thus depend on Y A , T, cu and the metric, £ = £[Y, T, ui; g]. 

For such metric dependent vector fields, consider on the one hand the suitably modi- 
fied Lie bracket taking the metric dependence of the spacetime vectors into account, 

[£i, £ 2 ]m = [6,6] - + Sgd, (3.13) 
where S^ 2 denotes the variation in £ 2 under the variation of the metric induced by £ ls 

Consider on the other hand the extended bras 4 algebra, i.e., the semi-direct sum of 
the algebra of conformal Killing vectors of the Riemann sphere with the abelian ideal of 
infinitesimal supertranslations, trivially extended by infinitesimal conformal rescalings of 
the conformally flat degenerate metric on Scri. More explicitly, the commutation relations 
are given by % d), (Y 2 , f 2 , 2 2 )] = {?, f, u) where 
? A = Yfd B Y 2 A - Y*d B Y A , 

f = Y A d A f 2 - Y A d A T x + \{f x d A Y 2 A - f 2 d A Y A ), (3.14) 

6 = 0. 

It thus follows that 

Theorem 3.1. The spacetime vectors £[Y, T, uj\ g] realize the extended bms 4 algebra in 
the modified Lie bracket, 

£[Yi, f x , 2i; g),£[Y 2 , f 2 , u 2 ; g] 



= Zfr,f,2;g], (3.15) 
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in the bulk of an asymptotically flat spacetime in the sense of Newman and Unti. 

Note in particular that for two different choices of the conformal factor cp which is 
held fixed, cu = 0, the asymptotic symmetry algebras are isomorphic to bms 4 , which is 
thus a gauge invariant statement. 

Proof. The proof follows closely the one in [0 for the BMS gauge. In order to be self- 
contained we recall the different steps here. In a first stage, one shows that on J^, the 
vectors fields £[Y, T, uj; 7] given in (13.1 II ) with / as in (13.121 ) realize the extended bms 4 
algebra in terms of the modified Lie bracket. Indeed, this is obvious for the A components 
which do not depend on the metric so that the modified bracket reduces to the standard 
Lie bracket for these components. For the u component, taking into account that 

5IJ2 = W1/2 + \e* J du'e^l-u^ - 2u 2 ) + 2Y 2 A d A u 1 ] , 

we have [(i,5]mI«=o = e^\ u=0 T. Direct computation then shows that <9 u ([£i, £2]^-) = 
fdjp + \DaY a with / given by (13.121) with T, Y, 00 replaced by their hatted counterparts, 
implying the result for the u component. 

For the spacetime vectors, direct computation gives [£1, £ 2 ]m = [£i; &]m = /• Using 
the defining property (13.41 ). one then finds that <9 r ([£i, £2]^) = 9 pu 9„ f. For the A com- 
ponents the result then follows from the one on J^, lim^oo^i, £ 2 ]f f = Y A - This is due 
to the fact that I A goes to zero at infinity, that the non-vanishing term at infinity does not 
involve the metric and that the correction term in the bracket does not change the asymp- 
totic behaviour. Finally, for the r component, we still need to check that the r independent 
component of [£1, £ 2 ]^ is given by |A/, which follows by direct computation. □ 

For completeness, let us also stress here that, if one focuses on local properties and 
expands the conformal Killing vectors Y a 8a and the infinitesimal supertranslations T in 
Laurent series, 

ln = -C +1 ^ ln = -C +l ^, neZ, (3.16) 

T m ,n = CT\ m,neZ, (3.17) 
the commutation relations for the complexified bms 4 algebra read 

Pmi ln\ [TTl 7T.)/ m -|_ n , [inn ^n] [TTl ^)lm+m \J>mi ln\ 0, 

l + l - l + l ( 3 - 18 ) 

\J>li -^m,n] ( ^ m)T m +i n , [hiT m ^ ( — Tl)T mn +i. 

The bms 4 algebra contains as subalgebra the Poincare algebra, which we identify with 
the algebra of exact Killing vectors of the Minkowski metric equipped with the standard 
Lie bracket. It is spanned by the generators 

l-ii Iqi hi l-ii hi hi Tq : oi Ti : o, 2o,i> T\ t \ . (3.19) 
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Non trivial central extensions of the algebra (I3.181 i have been studied in 0: the com- 
putation of iJ 2 (bros 4 ) reveals that there are only the standard ones for the Virasoro algebra 
extending the first two commutation relations. 



4 Explicit relation between the NU and the BMS gauges 

The definition of asymptotically flat space-times in the BMS approach 0], [|2], flU as 
reviewed in 0, O, amounts to replacing g uu = l/g uu = — 1 by 

g uu = l/g uu = -e 2 ^ (3 = 0(r" 2 ) (4.1) 

in (12.11) and (12.21) while imposing the additional requirement that 

det g AB = r 4 det "y AB . (4.2) 

Both definitions then differ just by a choice of radial coordinate. Indeed, replacing 
the radial coordinate by a function of the 4 coordinates preserves the zeros in 0(1.1) and 
(12.21) (see e.g. the discussion in [|22l ). Furthermore, to first non trivial order in r, the 
determinant condition leads to the same restriction (\2.5\ as the choice of the origin of the 
affine parameter. It follows that the relation between the two radial coordinates does not 
involve constant terms and is of the form 

r'^r + O^ 1 ). (4.3) 

More explicitly, starting from the NU approach, BMS coordinates are obtained by defin- 
ing the new radial coordinates as [|2~3l 



rBMS =(^) } . (4.4) 
Met 7ab 

Conversely, starting from the BMS approach with radial coordinate r, NU coordinates are 
obtained by changing the radial coordinate to 



POO 

r N = r- / dr'(e 2p - 1) . (4.5) 

J r 

These changes of coordinates only affect lower order terms in the asymptotic expansion 
of the metric that play no role in the definition of asymptotic symmetries and explains a 
posteriori why the asymptotic symmetry algebras in both approaches are isomorphic. 

At this stage, the dynamics of the theory comes into play. The Einstein equations 
are solved order by order in r. In the first orders, there are integrations "constants" that 
appear as free data characterizing asymptotically flat solutions. We will now work out the 
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explicit relation between these data in both approaches. The inverse metric in the BMS 
gauge (as discussed in j6l) is given by 



/ 



tJBMS 



-26 



\ 



e -2f) 
-2/3 V 



\ 

-e-WuB 



fj 



AB 



7 



9ab = r 2 ^ AB + rC AB + -j AB C%Cg + 0{r~ l ) 



(4.6) 



(4.7) 



For simplicity, we assume here that there is no trace-free part D AB at order and that the 
conformal factor is time-independent, d u (p = 0, in which case the news tensor is simply 
N AB = d u C AB and / = T + \wj) with T = e*T. Writing 



a 



(4.8) 



we have 




r 



■-r- 2 cc + 0{r- 4 ) 



2 r 

3^ 



iV c - 4e- 4¥, ca(e 2¥, c) + 0(r" 4 ) 



4e- 2 ^^ + r- 1 2M + 0(/ 



which implies in particular that 



(4.9) 



r N = r + — + 0(r" 3 ) 
2r 



(4.10) 



The only consequence of Einstein's equations on the angular momentum and mass aspects 
jyC = N^(u, C, C), M = M («, £, £) are the evolution equations 



1 = ^ 

r 



■-N£N% + ^AR + ^D A D C N CA , 



(4.11) 



1 



1 



1 - 



d u N A = d A M + —C A d B R + —d A [nEC^] - -D A C C B N { 



4 



atB 



4 

±D fl [C*JVj - NE C c a ] - \D B [D b D c C c a - D A D C C BC ] . (4.12) 



4 



Consider now the "eth" operators 11241 defined here for a field 77 s of spin weight s 
according to the conventions of $25] through 



Q v s = P^ s d(P s ri s 



5y = p 1+s d{p- s r] 



P = V2e 



(4.13) 



where 5, 5 raise respectively lower the spin weight by one unit and satisfy 



[8,3]7f = -#7f 



(4.14) 
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The spin weights of the various quantities are summarized in table [Q Note that the P 
used here differs from the one used in [J3j , which we will denote by P/v below. It also no 
longer denotes the particular function ~(1 + CC)> contrary to the notation used in [|6] [T6l . 

In order to compare with the notation used in [0, we use ( = x 3 + ix 4 . With x' a = 
u,r N ,x 3 ,x 4 and = u,r,(,(, computing g^f{x') = - (j^BMsjS") ( x ( x '))> where 
the overall minus sign takes the change of signature into account, then gives the following 
dictionary by comparing with [0 : 

P N = —e~v = -P, V = 2<9, /i° = -P 2 dd\nP = -Afi= --R, 

^° + = _2M - d u (cc) , a° = c, w° = Ba° , (4.15) 

M/? = -PN{ - a°m° - ^(a°a°) . 

For convenience, let us also use 

^1 = -m° - ^BR, #° = -cf° . (4.16) 

In these terms, 

y° 3 = m<i, ^ = g^ + a ^, = m° 2 + 2a°m° 3 . (4.17) 

Indeed, the first equation holds by definition and the assumed time-independence of P. 
The evolution equation (14.1 II) is equivalent to the real part of the second equation. Taking 
into account the on-shell relation of the NU framework, 

y° 2 -y° 2 = 6V° - <5 2 a° + <j°&° - a°cT° , (4.18) 

we find 

M = - + 7j9V° - ^SV , (4.19) 

in terms of which (14.1 II) is fully equivalent to the second equation of (14.171) and (14.121) is 
equivalent to the last equation of (14.171) . in agreement with Q. 

5 Transformation laws of the NU coefficients character- 
izing asymptotic solutions 

Let y = P~ X Y and y = P~ % Y. The conformal Killing equations and the conformal 
factor then become 

gy = = 8;y, ^ = (dy + dy). (5.1) 

It follows for instance that 

my = --y, s 2 ^ = &y - -yM, m^ = --[d(Ry) + d(Ry)}. (5.2) 

2 2 2 
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Using the notation S = (Y, T, u), we have —5s1ab = ^Iab for the background metric 
and 

l-6 s ,5]v a = -u8 V s + sdurf , [-6 S , &V = -u®V s ~ soW • (5-3) 

To work out the transformation properties of the NU coefficients characterizing asymp- 
totic solution space, one needs to evaluate the subleading terms in C^g^f on-shell. This 
can also be done by translating the results from the BMS gauge, which yields 



-6 s o° = 


[fd u - 










-5s*° = 


[fdu- 






- 2dy - 2u]&° 


--d 2 ^ 

2 v 


> 


-6 s *l = 


Ifdu- 


h^S- 






-3£]*°, 


-fc*g = 
-5 S V° 2 = 


[fd u - 
lfd u - 






- dy + 2By - 


3£]W° + 
- M^l 


ml 

+ 25/^ 


Ss^i = 


ifdu- 


h^5- 


- yd + 2dy + By- 


3£]^? + 


33/^- 



(5.4) 



Following for instance the terminology in [|26l section 3, but now for general infinites- 
imal transformations (' = ( + eY((), (' = ( + eY(C, ) instead of those associated to linear 
fractional transformations on the sphere and also considering £ as the holomorphic coor- 
dinate instead of £, a field i] has spin weight s and conformal weight w if it transforms 
as 

- 6 Y7 yV = [Y A d A + S -{dY - dY) - |^ . (5.5) 
A tensor density of rank s ^ and weight n transforms as 

- ^y^C-C = [ yAd A + sdY + n(dY + dY)] . (5.6) 
while for rank s ^ and weight n, we have 

- 5 Y:Y A C ... C = [Y A d A - sdY + n(dY + dY)] A c .. c . (5.7) 

It then follows that a tensor density of weights (s, n) defines a field of weights (s, — (2n + 
\s\)) and conversely, a field of weights (s, w) defines a tensor density of weights (s, — \{w+ 
\s\)). For s ^ 0, this is done through 77 = A^ j=P 2n+s and ^4j...f = P w r\. For s ^ 0, we 
have 7] = A c _^^P 2n ~ s and A^^ = P w r]. Note that complex conjugation gives rise to 
opposite spin weight and rank but leaves the conformal and density weights unchanged. 
Alternatively, (15.51 ) can be written as 

- h,yV = ft® + y®+ W - dy]rj. (5.8) 

When focusing on T = = uj at the surface u — and on the homogeneous part 
of the transformations, this gives the weights summarized in tables [Q [2] These tables 
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Table 1 : Spin and conformal weights 





a 


a 




*o 


*° 




y 


T 


s 


2 


2 


-2 


-1 





1 


-i 





w 


-1 


-2 


-3 


-3 


-3 


-3 


i 


1 



Table 2: Rank and density weights 





P-V 








p-3^0 


p-3^0 


Y 


T 


s 


2 


2 


-2 


-1 





1 


-1 





n 


i 

2 





1 

2 


1 


3 
2 


1 


-1 


i 

2 



are extended to the Lie algebra elements, which are passive in all our computations, by 
writing [Y, f] = -5 Yj yf and [Y, Y'] A = -5 Y yY' A 



6 Surface charge algebra 

In this section, uj = so that / = T + and we use the notation s = (y, y, T) for 
elements of the symmetry algebra, which is given in these terms by [s±, S2] = s where 



y = yim -(1^2), y = ys% 2), 

f = (^8 + ^e)T 2 - l -i h T 2 -(1^2). 



(6.1) 



The translation of the charges, the non-integrable piece due to the news and the central 
charges computed in [|T6l gives here 



Q.[x\ 

G a [5X,X] 



1 



8nG 
1 



(/(*!] + a°cT°) + y^l + a°m° + ld(a°a ))) + c.c. 



8nG 
1 

8^G 



d 2 W 

(FW f[a°Sa° + c.c] 
d 2 ^ 



(6.2) 



(^/iS/ 2 B^ + V/i9V 2 - (1 ^ 2)) + c.c. 



Note that one could also write the charges Q s [X] by allowing for the additional terms 
(tj5 2 <7° — |B 2 cr°) in the first parenthesis since these terms cancel with the corresponding 
terms in the complex conjugate expression. Note also that not ^ but only ty® + ^2 * s 
free data on-shell because of the relation (14.1 81 ). 

We recognize all the ingredients of the surface charges described in fl27l . which in 
turn have been related there to previous expressions in the literature and, in particular, to 
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the twistorial approach of Penrose [|28l . More precisely, up to conventions, Qo,o,t agrees 
with Geroch's linear super-momentum [8] Q gn + Q gn , as given in equation (A1.12) of 
[|27l . The angular (super-)momentum that we get is 

' . (6.3) 



Q W = -^ / d 2 fi^k +( 7 ga +ig(^ )-^(^+t°+a w ( f r ^)) 

07TG J l 11 



It differs from Q Vc given in equation (4) of 11271 by the explicitly w-dependent term of the 
second line. It thus has a similar structure to Penrose's angular momentum as described in 
equations (1 1), (12), and (17a) of Il2~7ll in the sense that it also differs by a specific amount 
of linear supermomentum, but the amount is different and explicitly w-dependent, 

Qy,o,o = Qy~o,o + -juQoflfly ■ (6-4) 
The main result derived in [[TBI states that 

• if one is allowed to integrate by parts, 

J d^Qrj- 1 = = J d^drj 1 , (6.5) 

where d 2 W = ^f, 

• if one defines the "Dirac bracket" through 

{Q S1 ,Q S2 }*[X} = -5 S2 Q sl [X] + e s2 [-8 sl X,X], (6.6) 

then the charges define a representation of the bms4 algebra, up to a field dependent 
central extension, 

{Qsi, Qs 2 }* = Q[s u s 2 ] + K SUS2 , (6.7) 
where K Sl:S2 satisfies the generalized cocycle condition 

K [si,s 2 ],s 3 ~ $s 3 K SltS2 + cyclic(l, 2, 3) = . (6.8) 

The representation theorem contained in equations (16.71 ) and (16.81) can be verified directly 
in the present context by starting from (I6.21 i. (I4.181 ) and using the properties (14.141 ). (16.51 ) of 
g, the evolution equations (14.171) . the conformal Killing equations (15.11) . the bms 4 algebra 
(16.11) and the transformation laws (I5.4I ). 

Several remarks are in order: 

• Integrations by parts are justified for regular functions on the sphere and thus for 
bms| lob and regular solutions. In the case of Laurent series more care is needed, 
see e.g. Il29ll . We will address this question elsewhere. 
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• For the globally well-defined bms|° algebra on the sphere, the central charge 
K S1S2 vanishes. 

• The non-conservation of the charges follows by taking S2 = (0, 0, 1) and si = s. 
Indeed, since -^- L Q S = ^Qs — $(o,o,i)Qs, me equality of the right hand sides of (16.61) 
and (16.71) gives 

-i~Qs = --^ / d 2 W [cr°(-5 s a°) + hfM + l -a^ + c.c] . (6.9) 
au 8n& J L 4 2 J 

For s = (0, 0, 1), this gives the standard Bondi-Sachs mass loss formula, 

^-Qo,o,i = --^ / d 2 W [cT°a° + c.c] . (6.10) 
au 8tt& J L J 

It also follows that the standard bmsf lob charges are all conserved on the sphere in 
the absence of news. 

To the best of our knowledge, except for the previous analysis in the BMS gauge, 
the above representation result does not exist elsewhere in the literature. A more detailed 
discussion of its implications, a detailed comparison with results in the literature as well as 
a self-contained derivation of the bms^ transformation laws in the context of the Newman- 
Penrose formalism will be given elsewhere. 
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